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The median set of a graph G with weighted vertices consists of those vertices that minimized 
the total distance sum. If the distance sum of a vertex is locally minimal, i.e., with respect to the 
neighbours of o, then u is called a local median. In this paper it is shown that every local median 
of a chordal graph is also a median, with respect to any weight functions, if a certain 
neighbourhood condition is satisfied. Moreover, in this case the subgraph induced by the median 
set is connected. 
1. Introduction 
Let G = (V,E) be a finite connected graph with no loops and no multiple edges, 
where Vis its set of vertices and E is its set of edges. Given v, w E V, define d&v, w) 
(the distance between u and w) to be the least number of edges in the path joining 
v and w in G. Any mapping rc : V-+ I?, + is referred to as a weight function of G. 
For o E V, define the distance sum of v in G with respect to rc to be 
D(G, n) (0) = w;vdG@, w)*n(w). 
The subscripts G, rc are often deleted when no ambiguity can arise. 
For each v E V let N;(v) be the set of vertices with distance i from v. The map- 
ping I: Vx V-t 9(V) (Power set of V) defined by 
Z(u, u) := {x~ I’: d(u, v) = d(x, u) + d(v,x)} 
is the interval function of G, and 
Z&u) := {xe V: xE~&4)f-lz@,v)} 
is called the ith level of u in Z(U, v). A shortest path joining two vertices u and o in 
G is a path containing dG(u, v) + 1 vertices. The median set of G, Med(G, n) and the 
local median set of G, Med,(G, n) are defined by 
Med(G,n) := (XE V: DG,n(~) I DG,n(~) for all DE V}, 
Med,(G, n) := (XE V: DG,n(~) 5 DC,*(u) for all OEN~(X)). 
A cycle with n vertices is denoted by C,,. 
Median problems have been discussed in numerous papers. In particular, Bandelt 
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[l] and Bandelt and Barthtlemy [2] showed that if a graph G is triangle-free, then 
the median set and the local median set coincide for every weight function if and 
only if G is a so-called median graph (i.e., a graph with the property that 
Iz(u,u)nz(u,w)nl(u,w)I = I 
for all vertices u, 0, w). 
Already in 1980 Mulder [8] has discussed “median graphs” in his Proefschrift. 
Slater [9] showed that for every (not necessarily connected) graph H there exists a 
graph G such that H is an induced subgraph of G and the median set of G (with 
respect to unit weights) consists of the vertices in H. 
In this paper median properties of chordal graphs (also called triangulated graph, 
i.e., graphs in which every cycle of length greater than three has a chord) are discus- 
sed. Lasker and Shier [7] showed that the center (the set of all vertices with 
minimum eccentricity) induces a connected subgraph in a chordal graph. The cor- 
responding result does not hold for the median set, as is confirmed by the two chor- 
dal graphs G, and G, as shown in Fig. 1. 
Theorem 1.1. Let G be a chordal graph. Then for every weight function n, the me- 
dian set is connected and coincides with the local median set if the following 
neighbourhood condition holds: 
for every two vertices x and y with d(x, y) = 2 there exist (not necessarily 
distinct) vertices r, s E N,(x) fl N, (y) with theproperty (Nl(x) f3 N2( y)) U 
(N,(x) n 4 (Y)) C N,(r) U NI (4. 
Every induced subgraph H of G has the property that all median sets of H coin- 
cide with the corresponding local median sets (or are connected, respectively) if and 
only if G does not contain either graph of Fig. 1 as an induced subgraph. 
Fig. 1. Two triangulated graphs G1 and G2 with Med(GI, nl) = Med(Gz, x2) = {x,y}. The vertices 
without weightnumbers have the weight 0. 
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Notice that for all chordal graphs which do not contain a complete subgraph con- 
sisting of four vertices or do not contain an induced complete 3-sun (cf. [3]) local 
medians and global medians coincide and the subgraphs induced by the medians are 
connected. This immediately follows from the second part of the theorem. 
2. Proof of Theorem 1.1 
For the proof two lemmata are needed. 
Lemma 2.1. Let G be a chordal graph, and let x and y be two vertices of G. 
(i) Each level of x in I(x, y) induces acomplete subgraph (Chang and Neuhauser [3]). 
(ii) For each level Li+ ,(x, y) of x in 1(x, y), there exists a vertex u in the level 
Li(X,s) adjacent to all vertices of Li+ ,(x,s) (Laskar and Shier [6], Chang and 
Neuhauser [3]). 
(iii) There exists a vertex z E L, (y,x) such that there is a shortest path from v to 
y passing through the vertex z for aN those v E V which satisfy d(v, w) = d(v, x) + 1 
for some w of L,(x,y). 
Proof. (i) Suppose that u and v are two nonadjacent vertices of Li(X, y). Choose an 
induced path P from u to v whose vertices belong to the set Z(u, x) U I(v, x). Choose 
another induced path Q from u to v whose vertices belong to the set Z(u, y) U I(v, y). 
The union of the two paths P and Q induce a cycle C,, (nz4) in G, which is for- 
bidden. 
(ii) Let u be a vertex of Li(X, y) with the property that there is no vertex of 
Li(X, y) having more neighbours in Li+,(x, y) than u. Suppose by way of contradic- 
tion that there is a vertex v in Lj+l(x, y) which is not adjacent to u. Choose any 
neighbour t of v in Li(X, y). The vertex t must be adjacent to all vertices of 
Li+ 1(x, y) which are neighbours of u. Otherwise, there would be a cycle of length 
4 in G induced by such a vertex r and the vertices t, u, v, because each level is a 
complete subgraph by (i). Now, t is adjacent to more vertices in Li+l(X, y) than u, 
thus contradicting the choice of u. 
(iii) Let v be a vertex of G such that d(v,x) = d(v, w) - 1 = k (k E Kl) for some 
w E L,(x, y). According to (ii) there is at least one vertex u E L2(x, y) which is adja- 
cent to all vertices of L,(x, y). Let the set S c N(x) be a minimal (x, u)-separator, 
i.e., G - S is a disconnected graph such that x and u belong to different components 
of G -S, and there is no proper subset of S with this property. Then L,(x, y) is con- 
tained in S and the set S induces a complete subgraph in G (Dirac [4], Golumbic 
[5]). Since the vertex u is an element of 1(x, y). the vertices y and u are in the same 
component of G - S. Additionally, the vertices x and v belong also to one compo- 
nent of G-S, as shown in Fig. 2 since x~I(v, w) and w ES. 
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Fig. 2. 
Given an arbitrary vertex z satisfying z E L,(y, u) c L,(y,x), there are two cases 
to distinguish. 
Case 1. There is a shortest path from u to y containing some vertex of L1 (x, y). 
Then this path contains the vertex U, whence d(u, y)> d(u,z) holds. 
Case 2. There is a shortest path from u to y containing no vertex of Ll(x, y). 
Then such a path must contain a vertex r E S\ L,(x, y). Let d(r, y) =j+ 3. Fur- 
thermore, the distance between the vertices r and u must be at least k, for otherwise, 
one has d(u,x) r d(u, t) for all t E L,(x, y). Since the length of the path from u to y 
containing the vertex r is minimal, it follows that d(u, y)r k+j+ 3 > k+j+ 2 = 
d(u, z) . 
This shows that in either case there exists a vertex z with the required properties. 0 
Lemma 2.2. Let G be a chordal graph with a weight function TC : V+ I?;. Then 
for each local median u there is a median x with d(x, u) 5 2. 
Proof. Choose a vertex y such that 
d(Med(G,z),y):= min d(u,y)=3+n, net&,. 
u E Med(G, n) 
For a median vertex x of (G, n) with d(x, y) = 3 + n there must be two vertices 
zr E L,(x,y) and zz~L,(y,x) and according to Lemma 2.l(iii) such that 
UE[X > ql’ a UE [z2 > y] for UE V, 
u E [Y > 221 3 UE[Z~ > x] for DE V. 
Since z, is not a median vertex of (G, n), the inequality 
7r[x > zr12 > n[zr > xl 
holds. Then 
D(y)-D~Z~)=71[Z~~Y1-n[y~2~1~~nx~z,l-rc[z~ >xl>O. 
Hence y cannot be a local median vertex of (G, n) because z2 has a smaller distance 
sum in G than y, completing the proof of the lemma. 0 
’ [x > y] := {xe v: d(o,x)<d(u,y)}. 
2 nix > Yl := c”s[X>y] n(u). 
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In order to prove the neighbourhood condition, suppose by way of contradiction 
that there exists a local median y which is not global, i.e., YEMed,(g, n). Then 
d(Med(G, rc),~) =2 by Lemma 2.2. We proceed by induction on IS/, where S 
is the set of all simplicial vertices (i.e., a vertex where his neighbourhood vertex 
set induced a complete subgraph) s of G which are not members of any one 
of the sets N.(x)flN,(_~), N,(x)nNz(y), or Nk(x)r)Nk(y), where kr2 and 
-&(s,x)nL,(s,.Y)=fl. 
(z, x), w E L, (z, y). Since z is a simplicial vertex, u and 
w are adjacent. If either u and x or w and y are not adjacent, then u and w are not 
adjacent to some vertex t eNI rl N,(y), because otherwise u E L,(z~,x) f3 L,(z,,y) 
would follow. In this case one gets a cycle C, (n > 3) consisting of the vertices o, w, 
t and some vertices of 1(0,x) and 1(w,y). Therefore w is adjacent to y and u is 
adjacent to x. Thus every vertex of N,(x) fl Ni(y) is adjacent to both u and w. 
Consequently, for ISJ = 0 the vertex set of G can be partitioned as indicated in Fig. 
3, viz. every vertex of G different from x, y, r, s, is contained in exactly one of the 
following vertex sets: 
A := 
B:= 
c:= 
D:= 
E:= 
F:= 
G:= 
HI= 
J:= 
{ue I/: d(u,x) = d(u,r) = 1, d(u,y) = d(u,s) = 2}, 
{ue v: d(u,y) = d(u,r) = 1, d(u,x) = d(u,s) = 2}, 
{ue V: d(u,x) = d(u,s) = 1, d(u,y) = d(u,r) = 21, 
(us v: d(u,y) = d(u,s) = 1, d(u,x) = d(u,r) = 2}, 
{u~V:d(u,x)=d(u,~)=d(u,~)=1,d(u,y)=2}, 
{u~V:d(u,y)=d(u,r)=d(u,~)=1,d(u,x)=2), 
(w(x)fw(m h4, 
{u~V:d(u,r)=d(u,~)=1,d(u,x)=d(u,y)=2}, 
{ue v: d(u,x) = d(u,y) = d(u,r) = d(u,s) = 2). 
Fig. 3. The partition of G with respect to the vertices P-, s, x and y. 
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Since D(x)<D(s) and D(y)<D(r), we get: 
71(x) + 71(A) > ?r(s) + n(D) + n(F) + n(y) + n(H), 
whence 
n(y) + 7T(D) >- 7r(T) + 7r(A) + 7c(E) + n(x) + 71(H), 
This, however, contradicts the fact that all weights are nonnegative. 
Now consider a graph with (S ) = n + 1 (n 20) such that Med(G’, n’) = Med,(G’, n’) 
is valid for all graphs (G’, n’) with IS) = n. 
Let z be a simplicial vertex of S. Without loss of generality assume that d(x,z)r 
d(y,z), so the following three cases are to distinguish: 
Case 1. The simplicial vertex z satisfies d(x, z) = d(y, z) + 2. 
Consider the vertex-deleted subgraph G’= G - z with the following weight func- 
tion 7r’: 
n’(y) = n(Y) + n(z), 
7r’(u) = n(u) for all u f y. 
Then the distance sum function D’ in G’ compares with D as follows: 
D’(x) = D(x)-dc(Y,z)*n(z), 
D’(y) = WY) - 4AY, z)*n(z), 
D’(o)2D(o)-&(y,z)*n(z) for all ufx,y. 
Therefore, XE Med(G’, z’), and y E Medr (G’, n’), contrary to the induction 
hypothesis. 
Case 2. The simplicial vertex z satisfies d(x, z) = d(y, z) + 1 but is not adjacent 
to y. 
Then there is a vertex u E V with u ~Lt(x, z) fl L,(z, y). Otherwise G would con- 
tain some cycle C, (U > 3) containing the vertices r, s, t and U, see Fig. 4. 
Consider the vertex-deleted subgraph G’= G -z with the following weight func- 
tion n’: 
n’(u) = n(u) + n(z), 
n’(u) = n(o) for all 0 f U. 
Then the distance sum function D’ in G’ is given by: 
D’(x) = D(X)-d&,2)*71(z), 
D'(Y) = WY) - d&4 z)*n(z), 
D’(0) kD(u)-do(u,z)*n(z) for all 0 fx,y, 
thus arriving at a contradiction as in Case 1. 
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Fig. 4. 
Case 3. The simplicial vertex z has the property d(x,z) =d(y,z) and there exists 
a vertex UE Vwith u~Li(z,x)nL,(z,y). 
Consider the vertex-deleted subgraph G’= G-z with the following weight func- 
tion TI’: 
71’(U) = n(u) + 71(z), 
TC’(U) = n(o) for all u # 2.4. 
Then similarly as above one arrives at a contradiction. 
It remains to prove the second part of the theorem: 
If there exists an induced subgraph Hof a graph G with the property that the me- 
dian set and the local median set do not coincide for a weight function, the 
neighbourhood condition must be violated. Now assume that the neighbourhood 
condition fails for some pair of vertices x, y with 
N,O-,)UN~(r2i)UW(rd 
includes a maximum number of vertices from 
w= (4(x)nN2(Y))u(N2(x)nNl(y)). 
Suppose that one of the three sets N,(rJ fl W (i = 1,2,3) is contained in the union 
of the other two, say: 
Mr,)n WC WO-dUWO-2). 
Since W is not included in A/i (r,) U TV1 (r2), there exists some vertex w E W such that 
weN,(r,) UN,(r,). Say w is adjacent to y and at distance 2 to x. Let s be a com- 
mon neighbour of w and x. Then s is different from rl and r,. Since G is chordal 
and w is not adjacent to rl, s is a common neighbour of rl, w, x, y. Then 
(N,(r,)UN,(r,)UN,(s))n W 
contains s and hence property includes 
(N,(r,)UN,(r,)UN,(r,))n W 
contrary to the choice of rl, r,, r3. Therefore we can find three vertices wi, w2, 
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(G, ,n 
Fig. 5. 
~3 E W such that wi E IV1 (Ti) but wi $ IV1 (rj) for all i #j. Then X, Y, rl, r2, r3, wI, ~2, 
w3 induced one of the forbidden subgraphs of Fig. 1 (where the role of x and y may 
have to get interchanged). 
In Fig. 5 the forbidden subgraphs are shown with a weight function nt for Gt 
and a weight function n2 for G2 so that in either case a local median exists which 
is not a median. Examples for disconnected median sets are already shown in Fig. 1. 
Finally it will be shown that the median set must be connected as described in 
Theorem 1.1: 
Suppose that the subgraph induced by the median set is not connected for some 
weight function 71. Then there exists a vertex separator SC V such that S contains 
no median vertex and there are medians of G in at least two components A, and 
A2 in G - S. Then choose two medians x E V(A ,) and y E V(A,) with d(x, y) I d(x, u) 
for all DE V’(A,)nMed(G,;rr), and let 0<6<min,.,,CX,,, D(u)-D(y). 
Now the graph G with the weight function 7~’ given by 
n’(x) = n(x) + 6, 
n’(u) = 77(o) for all u#x 
has y as a local median which is not a global median, contrary to the theorem. 
If the median set of a graph happens to be connected there is a straightforward 
algorithm for determining the median set of G, namely: start with an arbitrary 
vertex, and in each step check only the distance sums of the neighbours of the stored 
vertices. If all neighbours have larger distance sums, then stop. 
3. Two examples 
The first example is due to Manfred Diers. The graph given by Fig. 6 confirms 
that in an arbitrary chordal graph the subgraph induced by the median set may be 
edgeless. 
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Fig. 6. A chordal graph (G, n) with Med(G, n) = {xl, . . . ,x,}. 
Note that there are also chordal graphs violating the neighbourhood condition of 
Theorem 1.1 but having connected median sets (= local median sets). The following 
example is due to Hans-Jtirgen Bandelt. 
The graph in Fig. 7 is chordal and has diameter 2. The only pair violating the 
neighbourhood condition is x, y. The total distance from a vertex u to the four com- 
mon neighbours of x and y does not exceed twice the total distance from u to 
x, y. Therefore some common neighbour w of x and y satisfies 
Do(W) 5 0.5 *(&(x) + ~GW> 
with respect to a given weight function rt. 
4. Remarks 
It would be of interest o continue the investigation of those graphs with the prop- 
erty that all local medians are global medians. This paper has given a sufficient con- 
dition for graphs in chordal case, but for general graphs a sufficient condition or 
a characterization remains an open problem. It can be shown that the Cartesian pro- 
duct of two graphs with this property again has this property. One can also show 
that every graph with radius one has this property. 
Fig. 7. 
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